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Orbital magnetic properties of mesoscopic quantum systems have attracted considerable theoretical interest in the last decade; especially after experiments by Lévy et al. [1] provided evidence for the existence of a thermodynamic magnetic moment in non-superconducting rings threaded by a magnetic flux, nowadays referred to as persistent current (PC). The averaged PC of an ensemble of rings is a direct measure of the flux dependence of quantum fluctuations in the particle number. These are closely related to the two-point correlation function of the density of states. Orbital magnetic response functions thus represent prominent examples of universal (flux-dependent) spectral correlation functions probing the quantum nature of mesoscopic devices. Since the first experiments were performed using metallic rings with diffusive electron dynamics, most of the theoretical approaches have focussed on this regime [2] . Recently, measurements of the PC were achieved in rings lithographically defined on high-mobility semiconductor heterostructures [3] where impurity scattering is suppressed and the classical electron motion is ballistic. Such devices are of particular interest in the context of quantum chaos since they represent experimentally realizable systems which allow to study the interplay between the underlying classical dynamics and quantum properties as for instance persistent current [4] , [5] or magnetic susceptibility [6] , [7] .
The dynamics of the electrons in the above-mentioned experiment on ballistic rings can be considered to be regular. A corresponding semiclassical treatment assuming integrability gives reasonable agreement with the measured PC [5] . In this letter we treat orbital magnetic properties of ballistic systems exhibiting universal chaotic behavior [8] . We extend and apply a corresponding semiclassical approach [7] , [9] to universal correlation functions of the averaged PC at finite temperatures. In particular, we focus on the comparison between the semiclassical results (without any free parameters) and exact quantum calculations performed for a cylinder geometry with classical chaotic dynamics. We find agreement for temperatures k B T on the order of or larger than the mean level spacing ∆. We can distinguish three temperature regimes: i) For k B T ≈~v F /a (the inverse time of flight across the sample with v F being the Fermi velocity and a the system size) the average magnetic response increases exponentially with decreasing T . ii) Upon further decreasing the temperature we find a characteristic crossover to a ∆/k B T dependence. iii) Reduction of the temperature smoothing below ∆ allows us to study mechanisms for the breakdown of the semiclassical diagonal approximation used.
Thermodynamics. -We consider the orbital magnetic response of a ring with radius r threaded by an axial magnetic flux φ = HA,w h e r eHis the magnetic field and A = πr 2 (see fig. 1(a) ). The magnetization M of such a geometry is usually expressed in terms of the persistent current I, given by the thermodynamical relation
Here, F (T,φ,N) is the free energy for a given particle number N at temperature T .T h e magnetic susceptibility is defined as χ = ∂M/∂H. We will consider the averaged magnetic response I and χ of an ensemble of ballistic ring billiards with non-interacting particles [10] . Since in this case the leading-order contribution from the grand canonical potential vanishes, a canonical treatment is required keeping the number of electrons in each system fixed. As orignally shown by Imry [11] and subsequently applied to both disordered [12] , [13] and ballistic systems [7] , the disorder or energy averaged PC at fixed N can be related approximately to the expectation value at fixed mean chemical potential µ .F o rN≫1 the average PC is then given by
This expression is based on the decomposition of the density of states into a mean and an oscillating part:
is the Fermi function. In eq. (2), µ is implicitly determined by N ≡ N( µ ) . We emphasize that the expression (2) for I(φ, µ ) is approximate. It becomes exact for large temperatures, k B T ≫ ∆. The limits of validity of eq. (2) have been discussed in detail in refs. [7] , [13] where it was shown that corrections to eq. (2) remain small even at temperatures as low as k B T ∼ ∆.
Semiclassics. -For large electron numbers, i.e. small~, a semiclassical approximation for I is appropriate. To this end we calculate the fluctuations in the particle number, N osc ( µ ), using Gutzwiller's semiclassical trace formula [14] for the density of states d
osc (E). One finds for a chaotic system (to leading order in~)
Here, the sum runs over all primitive periodic orbits (po) and j counts higher repetitions. L po is the length, µ po the Morse index and M po the monodromy matrix of a po. The classical actions are of the form (for billiards) S po (k, ϕ)=~(kL po +2πϕn po ), where k = √ 2mE/~,and ϕ=φ/φ 0 is the flux measured in units of the flux quantum φ 0 = hc/e. The winding numbers n po count the total number of revolutions of the orbit around the ring. The prefactor g s =2 in eq. (3) takes into account the spin degeneracy. R(ξ) = sinh(ξ)/ξ leads to a suppression of trajectories on the scale of the thermal cutoff length L c =~2k/(πmk B T ). In order to calculate I ,w eh a v et oe v a l u a t e∂/∂φ [N osc ] 2 . This leads to a double sum over pairs of periodic orbits. We assume, as our major approximation, that contributions from off-diagonal pairs of different orbits do not survive the ensemble average.
A statistical treatment allows for a further analytical evaluation of the remaining sum over the diagonal contributions: Applying the Hannay-Ozorio de Almeida sum rule [15] , we replace the sum by an integral according to po 
for trajectories of a given length L in a chaotic ring billiard. We have σ = Dm/~ka 2 ,w h e r e Dis a diffusion constant governing the accumulation of flux. It introduces a system-specific scale. After Poisson summation [9] one finally obtains for the averaged PC of chaotic ballistic systems
Here, g m (ϕ, ξ)=2π [16] and I 0 = ev F /2πr is the current in a clean 1D ring. In the following we compare the semiclassical predictions with quantum calculations for the case of a billiard as depicted schematically in fig. 1(b) (and closed to a cylinder of height w and circumference a). The two half-disks give rise to strong chaotic classical dynamics. Quantum-mechanical energies as a function of flux are obtained to high accuracy by solving a secular equation for the S-matrix within a scattering approach to quantization [17] . The magnetic response is then calculated on the basis of eq. (2). It turns out that a pure energy average (over a large energy window corresponding to up to 200 eigenstates) is not sufficient to obtain a unique averaged PC. This is displayed in the inset of fig. 2 . The different curves show the energy averaged PC for different ring billiards with slightly varying radii of the half-disks. We observe strong fluctuations. In order to reduce these, we have performed an ensemble average over (30) geometries with differing radii but effectively the same classical dynamics. This additional average reduces off-diagonal contributions which may have survived the energy average. Changes in the disk radii give rise to variations in the actions of the periodic orbits involved. The corresponding phase shifts, entering into off-diagonal terms of non-identical orbits, are averaged independently if we assume these orbits to be uncorrelated. This leads to an exponential suppression of off-diagonal terms [18] .
In fig. 2 the results for the averaged quantum-mechanical PC (full lines) are compared with the semiclassical prediction (dashed lines, eq. (4)) over one period of the flux. The pairs of curves belong to different temperatures k B T/∆ between 0.25 and 4 (the curves with smallest maximum being related to the highest T ). We find excellent agreement down to temperatures of about k B T ∼ ∆/2. Deviations emerge at k B T ∼ ∆/4, where the diagonal approximation, valid for k B T ≫ ∆, no longer holds. We stress that we compare here absolute (non-normalized) spectral correlation functions without any adjustable parameters. The semiclassical theory presented here provides universal PC line shapes. In addition, contrary to random matrix theory, it is open to the inclusion of information on the classical dynamics of specific systems (via the diffusion constant). This then determines the absolute heights and widths of the correlation functions.
In order to study the temperature dependence in more detail, as well as the energy dependence, it is more convenient to consider the susceptibility since it is non-zero at ϕ =0. By taking a second flux derivative one obtains the averaged susceptibility as
χ is normalized with respect to the Landau susceptibility χ L = g s e 2 /(24πmc 2 )o fat w odimensional electron gas. For ϕ =0 and L c σ ≫ 1( i.e. in the limit of large k F ) the integral can be performed analytically giving a linear dependence of χ on L c and k F ; namely
The right inset of fig. 3 shows the zero-flux susceptibility as a function of k F w for different temperatures k B T/∆ =1,2 and 4. On the whole the quantum results (full lines) show a linear increase with k F w according to the semiclassical prediction (dashed lines). However, even after energy and ensemble average (as described above) an oscillatory structure remains in the quantum results. This is beyond the present semiclassical treatment.
Temperature provides a natural parameter to study smoothing effects on mesoscopic spectral correlations. In fig. 3 the T -dependence of the susceptibility (at ϕ =0 and k F w≃90) is shown as a function of L c ∼ 1/k B T . One can distinguish three temperature regimes: i) for L c ≤ a only a few fundamental periodic orbits will contribute to the magnetic response. Hence, deviations of the semiclassical from the quantum result at small L c indicate the limitation of the statistical treatment of winding numbers used in the semiclassical approach. The minimum length of flux-enclosing periodic orbits is L min ≃ 1.5a for the present geometry. This lets us predict the functional dependence of χ for high T to be exponential according to
The left inset of fig. 3 depicts semi-logarithmically this damping (dashed line) in comparison with the quantum results (full iii) For L c > 3a (i.e. k B T<∆) the increasing difference between semiclassical and quantum results in fig. 3 indicates the onset of the breakdown of the semiclassical diagonal approximation. This deviation can be related to off-diagonal terms from pairs of non-identical periodic orbits, which may exhibit correlations in their actions and stability factors (entering into eq. (3)). We note that, in principle, possible corrections to eq. (2) for small temperatures k B T . ∆ could modify the results presented here.
In summary, we present for the first time precise quantum calculations of smoothed spectral correlation functions [19] for a ballistic chaotic system (in a regime of small~) and find considerable agreement with a parameter-free semiclassical approach for a wide range of temperatures. Nowadays experiments can be performed at rather low T corresponding to cut-off lengths of order L c ≃ 5a [3] where the statistical assumptions used above hold. The semiclassically predicted characteristic dependence of magnitude and lineshape of universal magnetic response functions on temperature should be observable in such experiments.
